In this paper, we introduce the concept of (α, β)-(ψ, ϕ)-contractive mapping in b-metric spaces. We establish some fixed point theorems for such mappings and also give an example supporting our results. Finally, we apply our main results to prove a fixed point theorem involving a cyclic mapping.
Introduction
The Banach contraction principle is one of the most important results in mathematical analysis. It is the most widely applied fixed point result in many branches of mathematics and it was generalized in many different directions.
In 1993, Czerwik [5] introduced the concept of b-metric spaces as a generalization of metric spaces and also proved the Banach contraction mapping principle in this setting. Afterwards, many mathematicians studied fixed point theorems for single-valued and multi-valued mappings in b-metric spaces (see [3, 4, 6] ).
Recently, Alizadeh et al. [2] introduced the notion of cyclic (α, β)-admissible mapping and proved some new fixed point results for such mappings in the setting of complete metric spaces.
In this paper, we consider (α, β)-(ψ, ϕ)-contractive mappings in b-metric spaces and establish some fixed point theorems for this class of mappings. We also provide an illustrative example. Finally, we use our results to prove a fixed point theorem involving a cyclic mapping.
Preliminaries
In this section, we recall some essential notations, definitions and primary results known in the literature. Throughout this paper, we denote by N, R + and R the sets of positive integers, non-negative real numbers and real numbers, respectively.
In 1984, Khan et al. [7] introduced altering distance functions as follows: 
Then ϕ is an altering distance function.
The concept of b-metric space was introduced by Czerwik in 1993 in the paper [5] .
Definition 2.4 ([5]
). Let X be a nonempty set and s ≥ 1 be a fixed real number. Suppose that the mapping d : X × X → R + satisfies the following conditions:
Then (X, d) is called a b-metric space with coefficient s.
Every metric space is a b-metric space with s = 1, but, in general, a b-metric space need not necessarily be a metric space. Thus, the class of b-metric spaces is larger than the class of metric spaces. Some known examples in this respect are provided below.
Example 2.5. Let X = R and let the mapping d : X × X → R + be defined by d(x, y) = |x − y| 2 for all x, y ∈ X.
Example 2.6. The set l p (R) with 0 < p < 1, where
together with the mapping d :
for each x = {x n }, y = {y n } ∈ l p (R), is a b-metric space with coefficient s = 2 1 p > 1. The above result also holds for the general case l p (X) with 0 < p < 1, where X is a Banach space. Example 2.7. Let p be a given real number in the interval (0, 1). The space
Next, we give the concepts of convergence, Cauchy sequence, b-continuity, completeness and closedness in b-metric spaces.
In this case, we write lim
Proposition 2.9 ( [3] ). In a b-metric space (X, d), the following assertions hold:
(p 1 ) a b-convergent sequence has a unique limit;
Because of (p 3 ), we need the following lemma about b-convergent sequences in the proof of our results.
Lemma 2.10 ([1]
). Let (X, d) be a b-metric space with coefficient s ≥ 1 and let {x n } and {y n } be bconvergent to points x, y ∈ X, respectively. Then we have 1
In particular, if x = y, then we have lim n→∞ d(x n , y n ) = 0. Moreover, for each z ∈ X, we have 
Main results
Let (X, d) be a b-metric space with coefficient s ≥ 1 and f : X → X be a self-mapping. Throughout this paper, unless otherwise stated, for all x, y ∈ X, let
Definition 3.1. Let (X, d) be a b-metric space with coefficient s ≥ 1, and let α, β : X → [0, ∞) be two given mappings. We say that f : X → X is an (α, β)-(ψ, ϕ)-contractive mapping if the following condition holds:
where
(1) one of the following condition holds:
(2) f is continuous;
Then f has a fixed point. Moreover, if the sequence {x n } in X defined by x n = f x n−1 for all n ∈ N is such that x 0 is an initial point in condition (1.1) and the sequence {y n } in X defined by y n = f y n−1 for all n ∈ N is such that y 0 is an initial point in condition (1.2), then {x n } and {y n } converge to a fixed point of f .
Proof. Case I: Assume that there exists x 0 ∈ X such that α(x 0 ) ≥ 1. We will construct the iterative sequence {x n }, where x n+1 = f x n for all n ∈ N ∪ {0}. If xñ = xñ +1 for someñ ∈ N ∪ {0}, then xñ is a fixed point of f , and the proof is finished. Hence, we will assume that x n = x n+1 for all n ∈ N ∪ {0}, that is, d(x n , x n+1 ) = 0 for all n ∈ N ∪ {0}.
We will complete the proof in three steps.
Step I. We prove that lim
Since f is a cyclic (α, β)-admissible mapping, we have
By continuing this process, we obtain that
Proceeding in the same way, we obtain
for each n ∈ N ∪ {0}, where
From (3.3) and the properties of ψ and ϕ, it follows that
) for some n ∈ N ∪ {0}, then by (3.4) we have,
for all n ∈ N ∪ {0}. By (3.4), we get
for all n ∈ N ∪ {0}. Since ψ is a non-decreasing mapping, the sequence {d(x n , x n+1 )} is decreasing and bounded from below. Thus, there exists r ≥ 0 such that lim n→∞ d(x n , x n+1 ) = r. Letting n → ∞ in (3.5), we have
This implies that ϕ(r) = 0 and thus r = 0. Consequently,
This completes the first step of the proof.
Step II. We now claim that {x n } is a b-Cauchy sequence in X, that is, for every > 0, there exists k ∈ N such that d(x m , x n ) < for all m, n ≥ k.
Assume, to the contrary, that there exists > 0 for which we can find subsequences {x m(k) } and
and n(k) is the smallest number such that (3.7) holds. From (3.7), we get
By the triangle inequality, (3.7) and (3.8), we obtain that
Taking limit supremum as k → ∞ in (3.9), by using (3.6) we get
From the triangle inequality, we get
(3.12)
Taking limit supremum as k → ∞ in (3.11) and (3.12), from (3.6) and (3.10), we obtain that
This implies that
Again, using above process, we get
Finally, we obtain that
Taking limit supremum as k → ∞ in (3.15), from (3.6) and (3.13), we obtain that
Similarly, we have lim sup
By (3.16) and (3.17) we get
From (3.1), we have
Taking limit supremum as k → ∞ in above equation and using (3.6), (3.10), (3.13) and (3.14), we obtain
Also, we can show that
Taking limit supremum as k → ∞ in (3.19) and using (3.18), it follows that
This implies that ϕ( ) = 0 and then = 0, which is a contradiction. Therefore, {x n } is a b-Cauchy sequence.
Step III. We show that f has a fixed point. From
Step II, {x n } is a b-Cauchy sequence in X. By the completeness of the b-metric space X, there exists x ∈ X such that By the continuity of f , we get lim
From the triangle inequality, we have
for all n ∈ N. Taking limit as n → ∞ in the above inequality, we obtain that d(x, f x) = 0, that is, x is a fixed point of f . Case II: Assume that there exists y 0 ∈ X such that β(y 0 ) ≥ 1. Proceeding in a similar manner as above, we obtain the conclusion. Define mappings α, β : X → [0, ∞) and f : X → X as follows: First, we will show that f is a cyclic (α, β)-admissible mapping.
For x ∈ X, we have
Therefore, our claim is proved. Next, we will show that f is an (α, β)-(ψ, ϕ)-contractive mapping with altering distance functions
8 . Assume that x, y ∈ X are such that α(x)β(y) ≥ 1. Then we have x, y ∈ [0, 0.5] and hence
Also, we note that f is continuous and there exists x 0 = 0.5 ∈ X such that α(x 0 ) = α(0.5) = 1.375 ≥ 1 and β(x 0 ) = β(0.5) = 2.25 ≥ 1, so (3.1) is satisfied. Hence, all conditions of Theorem 3.2 hold, implying that f has at least one fixed point. In this case, 0 and 105 206 are fixed points of f . For the initial point x 0 = 0.4, 0.5, 0.6, 0.7, results of the iteration process x n = f x n−1 for all n ∈ N are given in Table 1 . (1.1) there exists x 0 ∈ X such that α(x 0 ) ≥ 1;
(1.2) there exists y 0 ∈ X such that β(y 0 ) ≥ 1;
Proof. The result follows from Theorem 3.2 by taking ψ(t) = t and ϕ(t) = (1 − k)t for all t ∈ [0, ∞).
Corollary 3.5. Let (X, d) be a complete b-metric space with coefficient s ≥ 1, and f : X → X be a continuous mapping such that
for all x, y ∈ X, where ψ, ϕ : [0, ∞) → [0, ∞) are altering distance functions. Then f has a fixed point. Moreover, if the sequence {x n } in X defined by x n = f x n−1 for all n ∈ N is such that x 0 ∈ X is an initial point, then {x n } converges to a fixed point of f .
Proof. The result follows from Theorem 3.2 by taking α(x) = 1 and β(x) = 1 for all x ∈ X.
Corollary 3.6. Let (X, d) be a complete b-metric space with coefficient s ≥ 1, and let f : X → X be a continuous mapping such that
for all x, y ∈ X, where k ∈ [0, 1). Then f has a fixed point. Moreover, if the sequence {x n } in X defined by x n = f x n−1 for all n ∈ N is such that x 0 ∈ X is an initial point, then {x n } converges to a fixed point of f .
Proof. It follows from Theorem 3.2 by taking ψ(t) = t, ϕ(t) = (1 − k)t for all t ∈ [0, ∞) and α(x) = 1, β(x) = 1 for all x ∈ X.
Taking s = 1 we obtain the following fixed point results in the framework of classical metric spaces: and thus the condition (3.1) holds. Therefore, f is an (α, β)-(ψ, ϕ)-contractive mapping. It is easy to see that f is a cyclic (α, β)-admissible mapping. Since A and B are nonempty subsets, there exists x 0 ∈ A such that α(x 0 ) ≥ 1 and there exists y 0 ∈ B such that β(y 0 ) ≥ 1. Now, all conditions of Theorem 3.2 hold, so f has a fixed point in A ∪ B, say z. If z ∈ A, then z = f z ∈ B. Similarly, if z ∈ B, then we have z ∈ A. Hence, z ∈ A ∩ B. This completes the proof. for all x ∈ A and y ∈ B, where k ∈ [0, 1). Then f has a fixed point in A ∩ B.
Proof. It follows from Theorem 4.3 by taking ψ(t) = t and ϕ(t) = (1 − k)t for all t ∈ [0, ∞).
